We investigate the approach of pure SU(2) lattice gauge theory with the Wilson action to its continuum limit using the deconfining phase transition, the gradient flow and the cooling flow to set the scale. For the gradient and cooling scales we explore three different energy observables and two distinct reference values for the flow time. When the aim is to follow scaling towards the continuum limit, one gains at least a factor of 100 in computational efficiency by relying on the gradient instead of the deconfinement scale. Using cooling instead of the gradient flow one gains another factor of at least 34 in computational efficiency on the gradient flow part without any significant loss in the accuracy of scale setting. Concerning our observables, the message is to keep it simple. The Wilson action itself performs as well as or even better than the other two observables explored. Two distinct fitting forms for scaling are compared of which one connects to asymptotic scaling. Differences of the obtained estimates show that systematic errors of length ratios, though only about 1%, can be considerably larger than statistical errors of the same observables.
I. INTRODUCTION
We consider pure SU (2) 
Hereμ,ν are unit vectors in positive µ, ν = 1, 2, 3, 4 directions and U µν is the product of SU(2) link variables along the boundary of a plaquette with one corner at site n = (n 1 , n 2 , n 3 , n 4 ) and g 0 is the bare coupling. Due to its computational simplicity, pure SU (2) LGT is well suited as a showcase for computational methodology. Computational pitfalls or shortcomings are more easily identifiable than in more complex systems like QCD. Furthermore, with modest CPU time resources, pure SU (2) LGT allows one to study the approach to the continuum limit for an entire range of suitable coupling constant values and lattice sizes. We investigate the approach of SU (2) LGT to its continuum limit using three different methods to set the scale:
1. The deconfining phase transition [1] . The deconfinement length scale is set by the inverse transition temperature times the lattice spacing a. It has no ambiguities in its definition, but one needs to fit a number of parameters. Calculations of transition temperatures become very CPU time demanding with increasing lattice size.
2. Lüscher's gradient flow [2] . When defining the gradient scale one encounters a number of ambiguities. Once they are fixed, there are no parameters to fit. In our calculations the CPU time demands are reduced by at least two orders of magnitude when compared with the deconfinement scale. [3] noted that similar results as with the gradient scale are even more efficiently obtained using cooling [4] instead of the gradient flow. We demonstrate here in quantitative detail that the cooling and gradient scales are for practical purposes equivalent. One gains another factor of at least 34 in computational efficiency on the gradient flow part by using cooling instead.
Bonati and D'Elia
Our results are obtained by Markov chain Monte Carlo (MCMC) simulations for which we report the statistics in units of Monte Carlo plus Overrelaxation (MCOR) sweeps. One MCOR sweep updates each link once in a systematic order [5] with the Fabricius-Haan-KennedyPendleton [6] heatbath algorithm and, in the same systematic order, twice by overrelaxation [7] . Using checkerboard coding [8] and MPI Fortran, parallel updating of sublattices is implemented, and our SU (2) code is a scaled down version of the SU(3) code documented in Ref. [9] .
In the next section our estimates for the SU(2) deconfining phase transition are reported. Section III presents our results for six SU(2) gradient scales. In section IV the gradient flow is replaced by cooling. We analyze scaling and asymptotic scaling in section V. Summary and conclusions are given in the final section VI.
II. DECONFINEMENT SCALE
We perform MCMC simulations on N 
to which we attach error bars by means of the equation
10 (β c − △β c ) , (5) where the length scale L 1,3 10 (β) is introduced later in the paper (N τ error bars depend only mildly on the choice of the interpolation of its scaling behavior).
We use the locations of maxima of the Polyakov susceptibility to define pseudocritical β c (N s , N τ ) values. Polyakov loops P x are products of SU(2) matrices along straight lines in the N τ direction. The argument x labels their locations on the spatial N 3 s sublattice. From the sum over all Polyakov loops P = x P x one finds the susceptibility
which is the analogue to the magnetic susceptibility of a spin system in three dimensions. We also implemented measurements of the thermal Polyakov loop susceptibility
but maxima are less pronounced than for χ(β). We use reweighting in small neighborhoods of the simulation points to extract pseudocritical β values from the locations of the maxima. The error bars are then estimated by repeating the entire procedure for ≥ 32 jackknife bins (see, e.g., [5] ). Notably, the estimates of pseudocritical β values from the maxima of (6) and (7) may not fall into one reweighting range, though they have ultimately identical N s → ∞ limits. So, to reduce computational requirements one is pressed to make a decision in favor of one of them. Together with their goodness of fit q (for the definition see, e.g., Ref. [5] ), our pseudocritical β c estimates are compiled in Tables I and II . In previous literature Engels et al. [10] studied N τ = 4 extensively and demonstrated that it falls into the 3D Ising universality class. Their N s → ∞ estimate β c (4) = 2.29895 (10) is marginally smaller than our estimate in Table I with q = 0.042 from a Gaussian difference test (see, e.g., [5] ). For N τ values up to N τ = 8 we found estimates in a paper by Lucini et al. [11] . Gaussian difference tests with our estimates give q = 0.33 and q = 0.67 for N τ = 4 and 6, respectively. For N τ = 8 their estimate β c (8) = 2.5090 (6) is somewhat lower than ours of Table II , which has an almost ten times smaller error bar than theirs. The Gaussian difference test gives q = 0.022.
For N τ = 10 and 12 calculations of the pseudocritical β values from maxima of the Polyakov loop susceptibility become very CPU time consuming. The largest statistics we assembled consists of slightly more than 2 25 MCOR sweeps for the 40 3 12 lattice. On even larger N τ = 10 and 12 lattices we spent 2 23 MCOR sweeps. The largest amounts of CPU time were not spent on the largest lattices because we were mainly feeding on the NERSC scavenger queue. For comparison, at β = 2.67 we spent only 2 19 MCOR sweeps on generating the 40 4 lattice used for the gradient flow. Taking achieved error bars, lattice sizes and numbers of lattices needed in account, this amounts to improvements by factors of at least 100. In view of the degrading of the deconfinement transition estimates with increasing lattice size, we also tried improved estimators [12] , performing the SU(2) integration explicitly. However, correlations between Polyakov loops turned out to be too strong to allow for major gains.
For N τ = 10 and 12 the reweighting curve about the simulation point β sim becomes rather flat within large error bars. See Fig. 1 the maximum position β max . This is explained by the fact that all these error bars are strongly correlated, because they rely on reweighting of the same simulation. Dividing out the maximum value χ(β max ) of the susceptibility in each jackknife bin, one is led to Fig. 2 , which projects out the central part around the maximum of the previous figure and makes the (jackknife) error bars of the β max estimate plausible. The scaling analysis of the N τ (β c ) estimates of Tables I and II is performed in section V.
III. GRADIENT SCALE
Before coming to our central issue of scale setting we define the SU(2) gradient flow, the observables used and sketch our generation of MCMC data.
A. Gradient flow
With initial condition U µ (n, 0) = U µ (n) the gradient flow is defined [2] by the evolution equatioṅ
Here the SU(2) link derivatives are given by
where σ j are the Pauli matrices and
We use the notation U µ for the sum of plaquette matrices containing the link matrix U µ . With the definition of the staple matrix, is the usual Wilson action, i.e., becomes ∼ F αβ F αβ in the continuum limit. The definition
has the same continuum limit as E 0 . Finally, we denote by E 4 (t) Lüscher's [2] energy density which averages over the four plaquettes attached to each site n in a fixed µν, µ = ν plane, i.e.,
, where the superscripts of a i stand for up (u), left (l), right (r), and down (d) in a fixed µν plane with respect to n (drawn in Fig. 1 of [2] ). The functions
are used to set the three gradient scales by choosing appropriate fixed values y 0 i and iterating the time evolution (19) until
is reached. As function of β the observable
then scales like a length provided the following conditions are met: 
C. Data generation and analysis
Our numerical results rely on MCMC simulations for the β values and lattice sizes given in Table III and (identically) in subsequent tables. In each run 128 = 2 7 configurations were generated and on each of them the gradient flow was performed. To optimize our use of computational resources, we followed the rule of [5] and allocated our CPU time in approximately equal parts to generation of configurations and to measurements (gradient flow). Subsequent configurations were separated by 2 11 to 2 13 MCOR sweeps where the increase from 2 11 to larger numbers of MCOR sweeps is essentially enforced by the number of gradient sweeps needed to reach the y 0 i target values. The dividing line from 2 11 to 2 12 sweeps is between β = 2.574 and β = 2.62, and from 2 12 to 2 13 between β = 2.67 and β = 2.71. We estimated integrated autocorrelation times τ int for the time series of 128 measured scale values and found all τ int compatible with 1 (in units of the number of sweeps between the configurations). So, the data are considered to be statistically independent. Error bars were calculated by the jackknife method with respect to the 128 configurations. Mostly, we used N 4 lattices with the exception of 24 3 48 and 32
3 64, which mirror lattices used in [2] . The scale estimates from these asymmetric lattices are consistent with those we obtained from N 4 lattices. know that it only makes sense to investigate SU(2) scaling for β ≥ 2.29, N τ ≥ 4. The smallest N 3 s 4 lattice size that can be used for the N τ = 4, N s → ∞ finite size extrapolation is given by N s = 8. Therefore, it is natural to start our gradient flow simulations at β = 2.3 on an 8
D. Scale setting
4 lattice and to work from there up to larger β values and lattice sizes. It is of interest to control scaling violations at the lower end of the scaling region, because simulations there are less expensive than at larger β. The upper two curves (red, black online) and the, ultimately, lowest (blue online) curve of Fig. 3 show y i (t), (i = 0, 1, 4) from simulations on an 8
4 lattice (t on the lower abscissa). While the plots corresponding to E 0 and E 1 fall practically on top of one another, they deviate from the plot for E 4 . This is due to finite lattice size corrections as well as scaling corrections in β. These corrections are much smaller for the other three curves which are from simulations at β = 2.574 on a 40 ues that defines suitable s Table I , are β 1 = 2.3 and β 2 = 2.43. In Fig. 4 we plot ratio functions
for (N 2 , N 1 ) = (12, 8) and (24, 16). On the 1.5 line the outer curves correspond to (12, 8) and the inner curves (using the same colors) to (24, 16). To prevent the figure from becoming too convoluted, error bars are only given on this line. As one expects from Fig. 3 , the y values of the E 4 crossing points are apart from those of E 0 and E 1 . The difference is considerably reduced when finite lattice size corrections are remediated by moving to (24,16) lattices. The remaining difference should mainly be attributed to corrections in β (i.e., finite lattice spacing corrections).
One may have expected a plateau in the neighborhood of the 1.5 line, indicating that the ratios do not depend on the precise choice of the y In the following we use the outer values of Fig. 4 and explore whether their differences result in seriously distinct scaling behavior. Starting off with β = 2.3, we are exploring two gradient scales:
1. We define the y 
are obtained when the gradient flow hits the corresponding y 0j i definitions of Eqs. (23) or (24). Our MCMC estimates for them are reported in Tables III and IV. For later convenience we label the length scales by L 1 to L 6 as defined in the first row of the tables. We are led to √ 8 t 01 ≈ 3.85 and √ 8 t 02 ≈ 5.37 as our smallest values for the smoothing range. This is below and above the starting value √ 8 t 0 ≈ 4.77 of Ref. [2] taken at β = 5.96 in the SU(3) scaling region. Comparing the SU(3) deconfinement transition values β c for N τ = 4, 6, 8 (see, e.g., Ref. [13] ) with those for SU (2) and performing interpolations of the β c values, this corresponds roughly to β = 2.46 for SU (2) , where our lower smoothing range has increased to at least 6.64. So, our lower smoothing range is also effectively larger than the one of [2] .
For each β value several lattice sizes are listed in Tables III and IV to control finite size corrections. In most cases they are sufficiently weak to be swallowed by the statistical error bars. Exceptions are the s The cooling method was introduced in Ref. [4] in the context of investigating the topological charge of the 2D O(3) sigma model. It has since then found many applications. For a review see [14] . A SU(2) cooling update maps a link matrix
so that U ′ µ (n) maximizes the local contribution to the action. This is achieved by
where U ⊔ µ (n) is the staple matrix (11), which for SU(2) agrees up to the determinant factor with a SU(2) matrix.
Our cooling sweeps are performed in the same systematic order as our MCMC sweeps. Bonati and D'Elia [3] outlined that n c cooling sweeps correspond to a gradient flow time As we use ǫ = 0.01 in our gradient flow steps, one cooling sweep corresponds to 33.3 gradient sweeps. On top of this (because of the Runge-Kutta), one gradient sweep is more CPU time demanding than one cooling sweep, so that the computational efficiency is improved by at least a factor of 34. A priori it is not obvious that many small gradient flow steps can be replaced by a large cooling step without losing accuracy of scale setting. A posteriori our results support that such a replacement is permissible. Figure 5 is the analogue of Fig. 3 . Due to the large cooling steps, gaps between them are clearly visible. They also exist in Fig. 3 , but are there too small to be noticeable. Using linear interpolations, the crossing points of the ratio functions (22) 
V. SCALING AND ASYMPTOTIC SCALING
In this section we analyze scaling and asymptotic scaling for 13 length scales
defined as follows: The deconfining scale L 0 = N τ (β c ) (4), six gradient, L 1 , . . . , L 6 , and six cooling, L 7 , . . . , L 12 , length scales. First, we consider O(a 2 ) scaling corrections for length ratios in the usual way (e.g., [2] ). Then, we incorporate asymptotic scaling behavior along the lines of Ref. [20, 21] and show how this can be done in a way consistent with O(a 2 ) scaling corrections.
A. Scaling To compare mass or length scales it is customary to fit ratios to the linear form
where a is the lattice spacing, l k the length scale in physical units and r ijk , c ijk are fit parameters of which the r ijk estimate the continuum limits and c ijk the leading order corrections. We report in Table VII continuum estimates r ij for the subset
with i = 0, 1, 3, 4, 6, 7, 9, 10, 12 and j = 1, 4, 7, 10. For i ≥ 1 gradient and cooling scale fits, we use at each β value our largest lattice and R ij error bars that rely on jackknife binning. In the case of the L 0 deconfinement scale, error propagation is used, where the values of the gradient and cooling scales at the β c values are obtained by interpolating via an asymptotic scaling fit performed in the next subsection. The scales L 2 , L 5 , L 8 and L 11 are omitted from the table, because they rely on the E 1 energy definition, which agrees for practical purposes with E 0 . For instance, r 11,10 = 0.995397 (24), where the error bar is very small due to correlations between the E 0 and E 1 energy densities. Data points from β = 2.3 are eliminated from the fits for q values smaller than 0.05. After applying this cut, q was in the range 0.11 to 0.98.
To compare scaling corrections we divide the R ij data by their continuum limits r ij and choose as reference scale j = 10 by reasons to be explained. A selection of the thus resulting fits is plotted in Fig. 6 .
The fit for the deconfinement scale N τ relies on the five β c data points of Tables I, II and (
FIG. 6: Scaling corrections of order a 2 for ratios Li/L10. Here and in the next figures some data are slightly shifted for better visibility. To label all fits, some labels are attached to the lines and others put into the legend. The up-down order in the legend mirrors the up-down order in the plot. (
Enlargement of the continuum approach of Fig. 6 for the E0, the L11 and the deconfinement scales.
fit q = 0.25. The q < 0.05 cut was applied to the fits involving L 11 , L 2 , L 1 and L 7 . For them deviations of the β = 2.3 data points from the fit lines are clearly visible in Fig. 6 at (1/L 10 ) 2 ≈ 0.3. The remaining seven fits include their β = 2.3 data points.
Essentially, the L 11 /L 10 fit takes on the constant value 1. Similarly, E 0 , E 1 pairs stay together for the other scales. Generally, we notice that gradient and cooling scales that use the same energy observable and target value y 01 i or y 02 i stay closer together than gradient scales using different energy observables and target values or cooling scales using different energy observables and target values. The ratios of Table VII show the same pattern. So, it appears perfectly legitimate to use cooling instead of gradient scales. We opted for L 10 as reference scale, because it centers rather nicely with respect to the other scales. At (1/L 10 ) 2 ≈ 0.3 in Fig. 6 (
FIG. 8: Enlargement of the continuum approach of Fig. 6 for the E4 scales.
we read off scaling violations of about 10%, i.e., 0.94 to 1.04 for R i,10 /r i, 10 . That is larger than the 5% reported by Lüscher [2] in his Fig. 3 for SU(3) at β = 5.96. As outlined, this corresponds to β ≈ 2.46 for SU (2) , which translates into (1/L 10 ) 2 ≈ 0.11. In Fig. 6 this is slightly left of the column of data at (1/L 10 ) 2 ≈ 0.13 for which we find the range 0.97 < R i,10 /r i,10 < 1.02, i.e., scaling violations are down to less than 5%.
A problem with plots like Fig. 6 is that data from large lattices (close to the continuum limit) accumulate in a small region, which is here below (1/L 10 ) 2 < 0.05. It is enlarged in Figs. 7 and 8 . In Fig. 8 the length scales based on the E 4 energy are plotted and seen to exhibit considerably larger error bars than the energy scales plotted in Fig. 7 . With no particular advantages to offset this lack of accuracy of the E 4 scales, all arguments converge in favor of using an E 0 cooling scale.
B. Asymptotic scaling
For large β the scaling of any mass m in pure SU (N) LGT is determined by the asymptotic scaling function
where a is the lattice spacing, b 0 = 11 N/(48π 2 ) and b 1 = (34/3) N 2 /(16π 2 ) 2 are, respectively, the universal 1-loop [15, 16] and 2-loop [17, 18] asymptotic scaling coefficients. Universal means that all renormalization schemes lead to the same b 0 and b 1 values. Non-universal perturbative corrections are given by the q j coefficients in the bracket. Computing up to 3-loops, Allés et al. [19] calculated q 1 for SU (N) LGT and q 1 = 0.08324 for SU (2) . (35) Further, we introduce the factor α to enforce for SU(2) the convenient normalization
Higher orders corrections in the lattice spacing a are reflected by terms of the form
Following Allton [20] in the version of [21] we arrive at the expansions
for our length scales, where c k and the a i k are parameters that have to be calculated. In practice we have to truncate the series (38) as well as the definition (34) of f as (β). Defining
we have f 
where the index n of a m,i k is suppressed. Due to the truncation of f as there are perturbative corrections in 1/β when ratios are taken with respect to the (inverse) lambda lattice scale, i.e., + non−perturbative corrections (43) holds. However, due to the a m,1 k term in (41) corrections would in general be of order a in the lattice spacing and not of order a 2 as in (33). In [21] this problem was avoided by combining several scales into one fit. This is only possible when their relative scaling violations are so weak that they become invisible within statistical errors. The solution which we propose here is to fit all coefficients so that the non-perturbative corrections (43) become O(a 2 ). Estimates of normalization constants for asymptotic scaling fits are collected in Table VIII . As before, the gradient and cooling scale fits use our largest lattice at each β value. The last row of the table gives the a m,1 k values taken for all fits of their respective columns. Using the E 0 and E 4 scales these values were determined by the maximum likelihood method (E 1 scales are left out because they would in essence amplify weights of the E 0 scales). On a technical note, we remark that we eliminate the normalization constants c m,n k from the search for the χ 2 minimum by treating them as functions of the a m,i k parameters [22] . This stabilizes the search considerably, for which we used the Levenberg-Marquardt approach (e.g., [5] ). Fitting the gradient and cooling scales (k ≥ 1) with only one additional parameter, a . Now, the q values for these fits would be too good to be true if they were statistically independent. As they all rely on the same data set correlations can explain that a whole series of fits exhibits q > 0.5, mostly close to 0.9. Notably, consistent fits due to adding the a m,3 k parameters come at the price of about doubled error bars compared to those of column two.
It is possible to include the deconfinement length scale into these fits with fixed a m,1 k and the results are given in the second row of Table VIII. Despite the small number of only five data points (Tables I and II) More prominent is the decrease between 6.7% to 9% from column two to column six, which comes from allowing one more free parameter. Together we take this as an indication that remaining systematic errors may well reach 10%. Fig. 9 , which enlarges the range of our initial three β values. At β = 2.3 asymptotic scaling violations are seen to range from 28% to 37%. The relative differences reach only 0.72/0.63 ≈ 1.14, consistent with the ratio 1.04/0.93 ≈ 1.12 observed at (1/L 10 ) 2 = 0.3 in Fig. 6 . Let us turn to the scaling behavior of ratios. Except for the deconfinement length scale L 0 , which is statistically independent from the other scales, we cannot use error propagation. Instead, we calculate the R ij ratios (33) for jackknife bins built from the individual gradient or cooling flow runs (using jackknife bins of the asymptotic scaling fits of Table VIII has the problem that these fits have larger fluctuations than the R ij ratios).
For m = 1 results are collected in Table IX . With exception of the L 0 (as) row (to be discussed) all fits use
to reflect that the leading scaling corrections for mass ratios are O(a 2 ). We end up with cases a satisfying goodness of fit (0.13 ≤ q ≤ 0.99).
For the other cases, indicated by * in Table IX , the parameter a
1,3 k
is also needed (0.45 ≤ q ≤ 0.75 holds for these). Comparing with our previous ratio estimates of Table VII , we see that the error bars of the starred estimates are about two times larger, while the error bars of the other estimates are similar as before. Systematic errors due to the different fits are around 1%, which is up to an order of magnitude larger than the statistical errors. The latter can be extremely small due to correlations between the estimators.
Using the asymptotic scaling function with m = 0 instead of m = 1, differences for ratios are about two orders of magnitude smaller than those encountered for the normalization constants of Table VIII . Asymptotic scaling corrections drop out, as one expects. The systematic error due to adding the a m,3 k fit parameter can be considerably larger, up to 1.3%. This is still about one magnitude smaller than the same systematic uncertainty in the case of the normalization constants. with reference scale L 10 . Superficially, curves for the same scales look similar in Fig. 11 as before in Figs. 7 and 8. However, there is a fundamental difference between the fits.
2 is correct for in the limit (1/L 10 ) 2 → 0, while in Eq. (33) it is assumed to be already exact for the data at hand. Now, for the fits (45) the straight line behavior is in some cases only reached for very small (1/L 10 )
2 . This is most pronounced for the R 1,10 /r 1,10 fit, which crosses the value 1 from below and finally approaches 1 from above, once the region (1/L 10 ) 2 < 0.005 on the very left side of Fig. 11 is reached (details are not visible on the scale of the figure). In view of this it is reassuring that the estimates of Tables VII and IX never differ by more than 1.3%. The two fitting approaches supplement one another and give some insight into systematic errors one may expect. We conclude this section discussing the instabilities encountered when fitting L 0 /L i . In the L 0 (as) row of Table IX we report estimates obtained from using the constants of column six of Table VIII and error propagation. Compared with the previous estimates of Table VII we find a systematic decrease in the range 3.2% to 3.6%, larger than the statistical error, which never exceeds 0.6%. As the asymptotic scaling of L 0 needs four parameters to fit just five data points one may suspect "overfitting". As a tiebreaker we perform the fit of Eq. (45) for jackknifed ratios of L 0 /L j , j = 1, 4, 7, 10 and obtain the estimates of the L 0 row of Table IX. The systematic errors with respect to Table VII are now down to less than 1%.
Dividing the asymptotic ratios out, the three fits for L 0 /L 10 are shown in Fig. 12 . The straight line fit from Figs. 6 and 7 comes in as second lowest. The lowest curve corresponds to Eq. (45) and the upper curve to dividing the L 0 fit of column six of Table VIII by the L 10 fit of the same column. As suspected this curve looks rather fanciful. However, using a log scale for the abscissa would stretch the range on the left, and one should have in mind that the absolute differences between all three fits are quite small. Systematic errors at (1/L 10 ) 2 = 0.3 can be read off on the right-hand side of the figure and are seen to be less than 4%.
VI. SUMMARY AND CONCLUSIONS
We have studied the approach of SU (2) LGT to its quantum continuum limit by investigating the scaling behavior of a number of length scales with definitions based on the deconfinement phase transition, the gradient flow and the cooling flow. While the deconfining scale L 0 = N τ is uniquely defined (4), one has considerable freedom in the definition of gradient and cooling flow scales. They depend on the choice of observables and target values of the flow. We considered:
1. Energy densities E 0 , E 1 , E 4 defined by Eqs. (16, 17, 18) . E 0 is up to normalization the Wilson action and E 1 in essence an equivalent definition. E 4 , introduced in [2] , averages over four plaquettes. For ratios of these length scales, corrections to scaling are supposed to be of order a 2 in the lattice spacing as illustrated in Figs. 6, 7, 8, 11 and 12. In these figures the cooling length scale L 10 , which relies on the E 0 energy density and a y 02 0 target value (30), is used as reference scale by the following reasons:
Target values y
1. Scaling violations of ratios of scales are then rather symmetrically distributed above and below 1.
2. E 0 is easier to calculate than E 4 and estimates from the same statistics result in smaller error bars for the E 0 length scale. No scaling advantages were found for E 4 scales. E 1 is essentially equivalent to E 0 with the benefit for E 0 that the Wilson action is implemented in the program anyhow.
3. The cooling flow is faster and easier to calculate than the gradient flow and there is no noticeable loss of accuracy as anticipated in Ref. [3] . As the cooling method [4] was an answer to difficulties encountered when trying to calculate the topological charge in a paper by Lüscher and one of the authors [23] , it appears that the cooling scale could have been introduced 30 years before the gradient scale [2] .
The magnitude of scaling violations we find for ratios of length scales is close to that reported in Ref. [2] for SU(3) when comparing the E 0 with the E 4 flow. The SU (2) scaling region begins at β = 2.3 where we find corrections to scaling in the 10% range. Deeper in the scaling region, at β = 2.46, they become reduced to slightly less than 5%.
Scaling corrections for the ratio N τ /L 10 fall into the range provided by the other scales as is seen in Figs. 6 and 7. The significant advantage of the gradient scale, and to an even greater extent the cooling scale, over the deconfinement scale is that we can far more easily follow the scaling behavior towards the continuum limit. On the other hand, there are no ambiguities in the definition of the deconfinement scale, which makes it kind of ideal to define initial scaling values as discussed in sections III and IV.
We have used two rather different approaches for analyzing our data. For Figs. 6 to 8 we simply calculate L i /L 10 from jackknife bins of the data and perform the linear 2-parameter fit (33) using the O(a 2 ) dependence (1/L 10 ) 2 from the same data. While this is straightforward, one does not connect with the asymptotic Λ L scale.
To connect with asymptotic scaling, we relied on truncated forms of Eq. (34) based on Ref. [20, 21] . The normalization constants of our asymptotic scaling fits are collected in Table VIII . A common fixed parameter ensures that scaling corrections for ratios are O(a 2 ). Systematic errors due to distinct truncations of the fits are found around 10%. For the gradient and cooling scales the finally accepted fits of column six rely on three free parameters, one of them being the normalization constant that yields the continuum estimate. For L 0 four fit parameters are needed despite the fact that there are only five data points. Comparing in Fig. 12 the ratio of the L 0 and L 10 fit with direct fits of the R 0,10 ratios indicates overfitting, though L 0 data on larger lattices is needed to be conclusive.
While the lattice spacing is exponentially small in β, asymptotic scaling corrections come in powers of 1/β. As is seen in Fig. 9 , they range at β = 2.3 from 30% to 36%. The scales cluster together, so that the relative deviations at β = 2.3 reproduce the previously encountered 10% range.
For ratio estimates it turns out that one should not divide the asymptotic scaling estimates by one another, but perform the fit (45) for the jackknifed R ij ratios of the data, where the common fixed parameter is set to zero to enforce O(a 2 ) corrections. A decisive difference to the previous approach (33) remains: The O(a 2 ) behavior is no longer enforced for our data at hand, but only in the continuum limit. Indeed, some of the fits make use of this possibility. Compare Fig. 11 with Figs. 7 and 8 . Despite the differences in the approach to the continuum limit, the obtained curves look similar.
The continuum limit estimates of our ratios are collected in Tables VII and IX using, respectively, (33) and (45). Differences due to the distinct fit forms stay below 1.3%. This is in most cases larger than the statistical errors. The different fit forms allow one to get an idea of the systematic errors possible.
In conclusion, we hope that the methods outlined are also of some value for studying the approach of physically realistic theories like QCD to their continuum limits. Though such data rely on large scale calculations on supercomputers, it is presumably safe to assume that their quality is not better than that of our SU(2) data.
